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Executive Summary

This study numerically investigates the effect of combined torsional and lateral loading
on the response of circular foundations. The research team performs a series of
nonlinear finite element analysis (FEA) to determine collapse loads of drilled shafts in
an undrained clay using the displacement-controlled swipe loading path method. As a
validation of the finite element model, we compare the results from FEA under each
individual component of load (i.e., a pure torque and a pure lateral load) against
previous studies and theoretical values, which shows an excellent agreement. We
further present the analysis results under combined lateral and torsional loading in the
form of failure envelopes with various embedment depth ratios of foundations. Results
from FEA clearly show that the lateral capacity of foundations is reduced by the
concurrent application of torsion. We quantify such reduction effects as a function of

torgue-to-lateral load ratio and present the results in the form of design charts.

Based on the insights gained from FEA, we further develop a novel analysis model
through analytical approach. With an assumption of linear elasticity, we derive
governing differential equations for a circular foundation, embedded in a multilayered
soil, subjected to a combination of lateral and torsional loads using energy principles
and variational calculus. A total of six interdependent differential equations result from
the derivation. To solve the interdependent differential equations, we develop a
numerical algorithm using an iterative solution scheme and test the algorithm under
each individual loading component. The results from our analysis model under
individual loading components show very good agreements with those from previous
studies and FEA. The solution algorithm developed in this study can be fully
implemented for combined loading case and thorough benchmark runs can be
performed as future studies. Furthermore, the analysis model developed in this study
can be regarded as the groundwork for more advanced models such as nonlinear
analysis model that considers degradation of soil modulus using a piecewise-linear
approach. Because the new analysis model is applicable for a multilayered soil, a
systematic parametric study can be also performed to investigate the soil layering effect

and optimize foundation design.
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CHAPTER 1. INTRODUCTION

1.1 PROBLEM STATEMENT
The three most important forces that need to be considered for design of transportation
infrastructure are compression, tension, and shear. For cantilever mast-arm structures —
— such as sign trusses, traffic signals, and mast-arm light poles — subjected to high
wind loads, torsion is a particular concern in addition to the three primary forces. Also,
any transportation structure which is laterally loaded is prone to undergo some degree
of torsion due to eccentricity of the applied load.

While there are considerable studies on torsional behavior of the structural elements of
a superstructure, little attention has been paid to torsional behavior of a foundation
surrounded by soil or rock. Most studies on behavior of foundations have focused on
axial or lateral loading condition, and routine foundation design does not consider
torsional behavior. Although there is a growing literature on the torsional behavior of
foundations, these studies have focused on foundations subjected to pure torsion
(Randolph 1981; Hache and Valsangkar 1988; Guo and Randolph 1996; Guo et al.
2007; Zhang 2010; Misra et al 2014, Li et al. 2017). However, the cantilever mast-arm
structures are likely to impose a simultaneous loading of a torque and a lateral load on
foundation due to their inverted L shapes. It has been reported that evaluating
foundation stability against torsional and lateral load failures separately is not a safe
practice (McVay et al. 2003). Unfortunately, no analysis models or design guidelines are
available that can consider the combined effects of torsional and lateral loads on a
foundation. Even, finite element analysis studies on foundations subjected to combined
torsional and lateral loads are exceedingly rare.

In this study, we perform a nonlinear finite element analysis (FEA) for a circular
foundation under combined loading of a torque and a lateral load. To determine
collapse loads, the displacement-controlled swipe loading path method is employed.
Analysis results are presented in the form of failure envelopes as a function of

embedment depth ratio for various definitions of ultimate lateral capacity. Results from

1



FEA clearly show that lateral capacity is reduced by the concurrent application of
torsion, and the reduction effects are quantified as a function of torque-to-lateral load
ratio. We also derive governing differential equations for a circular foundation,
embedded in a layered soil, subjected to a combination of torsional and lateral loads
based on energy principles and variational calculus. We further develop a numerical
algorithm to solve these differential equations and test the algorithm under individual
loading components. A full implementation of the solution algorithm can lead to a
development of a novel analysis model for load-displacement response of circular

foundations under simultaneous action of a torque and a lateral load as a future study.

1.2 Background

Impact of wind loads on stability of infrastructure is a very important design
consideration. According to International Building Code (IBC 2015) and Minimum
Design Loads for Buildings and Other Structures: ASCE/SEI 7-10 (ASCE 2013),
ultimate design wind speeds of 115 miles per hour (185 km per hour) are typical in
Region 6 states (AR, LA, NM, OK, and TX) for common transportation infrastructures
such as bridges, as shown in Figure 1.1(a). Figure 1.1(a) further shows that the ultimate
design wind speeds along coastal areas in Louisiana and Texas are much greater than
115 mph (185 km per hour) due to hurricanes, and can be as high as 170 mph (274 km
per hour). Many of the Region 6 states frequently experience tornadoes, and special
structures must be designed to withstand very high wind speeds due to tornadoes. For
example, FEMA (2007) recommends the wind speeds of at least 200 miles per hour
(322 km per hour) in most areas of Region 6 states, except for New Mexico, for design

of community tornado shelters [refer to Figure 1.1(b)].
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Figure 1.1 (a) Ultimate design wind speeds for Risk Category Il buildings and other
structures (IBC 2015) and (b) Design wind speeds for community shelters (FEMA 2007)
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Large lateral loads induced by high winds will impose additional compression, tension,
or shear forces on structural members and should be properly considered in design.
Although these forces are the most common ones for typical structures, cantilever mast-
arm structures (i.e., inverted L shape structures) and structures subjected to eccentric
lateral load may develop significant torsional load on foundations in addition to these
forces. Figure 1.2(a) shows a foundation of a cantilever overhead sign support structure
subjected to the torsional and lateral loads simultaneously, and Figure 1.2(b) shows a
failure of cantilever sign support structure along I-65 in Tennessee, allegedly caused by

a “prolonged exposure to wind created by tractor trailer gusts (Beneberu et al. 2014).”
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Figure 1.2 (a) A foundation of cantilever overhead sign support subjected to the
torsional and lateral loads simultaneously and (b) failure of cantilever sign support
structure along 1-65 in Tennessee (Beneberu et al. 2014)



As mentioned previously, when the torsional loads are considered, the current
geotechnical design practice is to evaluate stability of foundations against torsional and
lateral load failures separately. The effects of a torque on lateral capacity of foundation
(or vice versa) are barely understood. However, recent centrifuge tests and field tests
performed by the researchers at University of Florida (McVay et al. 2003; Hu et al.
2006; Thiyyakkandi et al. 2016) have suggested that the lateral capacity of a drilled
shaft is reduced when a torque and a lateral load are concurrently applied. This
indicates that the current practice of separate evaluation of foundation stability against
torsional and lateral load failures is not a safe practice. Because performing full-scale
tests for various soil conditions with a wide range of foundation dimensions is practically
and economically not feasible, there is a strong need to quantify the combined effects of

lateral and torsional loads on foundation capacity through numerical analysis.

1.3 Objectives
The goal of this study is to numerically investigate the torsional and lateral resistances
of circular foundations under combined loading. The main objectives of the study
include:
(a) Performing nonlinear finite element analysis to determine failure envelopes under
combined torsional and lateral loading
(b) Quantifying the effect of a torque on lateral capacity for various torque-to-lateral
load ratios
(c) Deriving governing differential equations for load-displacement response of a
circular foundation in a layered soil subjected to torsional and lateral loads

(d) Developing solution algorithm to solve the differential equations numerically.



CHAPTER 2. NUMERICAL MODELLING

2.1 Finite element model
The finite element analysis (FEA) is employed to investigate the behavior of a circular
foundation subjected to under combined torsional and lateral loading using ABAQUS
version 6.16 (Dassault Systemes, 2016). The circular foundation, represented by a
drilled shaft in this study, has a diameter D and a length Lp, embedded in a
homogenous clay layer under undrained conditions. The diameter of the drilled shaft is
set to be 1 m, and the effect of the embedment depth is investigated with three different
lengths of the drilled shaft (L, = 3, 5, and 10 m, corresponding to embedment depth
ratios Lp/D of 3, 5, and 7, respectively). The Ly/D was limited to 10 because the
embedment depth ratios of foundations for mast arm traffic sign and signal pole
structures typically are smaller than 10. The linear elastic-perfectly plastic Tresca failure
criterion is used to describe the clay behavior with an undrain shear strength of s, and
an undrained Young’s modulus of Ey = 500s,. To simulate the constant volume
response during undrained loading, a Poisson’s ratio vs of 0.49 was used for the clay
along with zero degree of friction and dilation angles. The drilled shaft is modelled as a

linear elastic material with a Young’s modulus Ep = 25 GPa and Poisson’s ratio v = 0.3.

Eight-node brick elements with reduced integration (C3D8R) were used to model the
drilled shaft and surrounding soil. A thin band of soil elements was used to capture the
severe distortion close to the foundation without an interface model, as has been done
by other researchers (Taiebat and Carter 2004 and Fan and Meng 2011). The domain
boundaries are 30D (i.e., 30 times the foundation diameter) in the horizontal direction
and 2L, (i.e., 2 times the foundation length) in the vertical direction to minimize the
boundary effect. The side boundary is horizontally fixed, and the base boundary is fixed
in both horizontal and vertical directions. Analyses were performed under displacement-
controlled conditions, where lateral and torsional displacements were applied at the
foundation head and gradually increased.



2.2 Analysis results under a pure lateral load or a pure torque
The response of the drilled shaft under each individual component of load is presented

first, followed by that under the combined loading.

2.2.1 Lateral response
The ultimate lateral capacity of a short foundation in an undrained clay can be obtained

as follows:

Hmax = NthDSu (21)

where Hmax = ultimate lateral capacity, L, = foundation embedment depth, D =
foundation diameter, sy = undrained shear strength of clay, and Nn = lateral capacity
factor. Deng and Carter (1999) suggested that N» = 4.8 for a caisson with load applied

at the foundation head, which is also a ground surface.

The load-displacement (H-wr) responses of the drilled shafts obtained from FEA under
lateral load with Lp = 3, 5, and 10 m are presented in Figures 2.1(a), (b), and (c),

respectively.
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Figure 2.1 Load-displacement response under pure lateral loading: (a) Lp/D = 3, (b) Lp/D
=5, and (c) Lo/D =10

The responses of drilled shafts under pure lateral load show nonlinear behavior, and it
is clear that the lateral load approaches an asymptotic value at a large displacement.
Although there are many criteria available in literature for determination of ultimate
capacity of foundations under axial loading, such criteria are not well established for
laterally loaded foundations. With the absence of widely accepted criteria for
determination of ultimate lateral capacity Hmax, we use four different ultimate capacity

criteria in this study:



1) Hmax is defined as a load Hu after which the increase between two successive
loads becomes less than 0.1%; this load is very close to the asymptotic value
and might be considered as a true failure load;

2) Hmax is defined as a load Ho.1p at a lateral displacement corresponding to 10% of
foundation diameter (wrur = 0.1D);

3) Hmax is defined as a load Ho.osp at a lateral displacement corresponding to 5% of
foundation diameter (wrut = 0.05D);

4) Hmax is defined as a load Ho.o2sp at a lateral displacement corresponding to 2.5%

of foundation diameter (wut = 0.025D).

Graphical illustrations of each criterion are presented in Figure 2.2.

Lateral load, H

Hmax: HuIl i i+1

Hmax: H0.1D < % H_/

(H,, — H)/ H, < 0.001

Hpmax = Hoosp

Hmax = Ho0250 |«

i i R
/" 0.05D 0.1D Wiyt
0.025D

Lateral
displacement, w;

Figure 2.2 Graphical illustrations of ultimate lateral capacity criteria used in this study

Ultimate lateral capacities Hmax determined using the aforementioned four criteria and

their corresponding lateral displacements w,ut are summarized in Table 2.1.
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Table 2.1 Summary of ultimate lateral capacities under pure lateral loading for various
ultimate capacity criteria

Hmax = Wi ult Hmax = Wi ult Hmax = Wi ult Hmax = Wrul
Lp/D Hurt i N Ho.1p "% | Ho.osp " | Ho.o2sp "
(kN) (m) (kN) (m) (kN) (m) (kN) (m)

3 668 0.15 | 4.45 664 0.1 636 0.05 574 0.025

5 1130 0.18 | 4.52 1115 0.1 1038 | 0.05 871 0.025
10 2478 0.63 | 496 | 2078 0.1 1591 | 0.05 1136 | 0.025

Lateral capacity factors Nn from FEA were determined to be 4.45, 4.52, and 4.96 for

foundations with Lp,/D = 3, 5, and 10, respectively, using Hmax = Hut, and their values are
given in Table 2.1. Despite slight differences, these lateral capacity factors are overall in
good agreement with N» = 4.8 obtained by Deng and Carter (1999) from their numerical

analyses.

2.2.2 Torsional response
The relationship between a torque and an angle of twist for a straight cylinder with a

fixed end is given as follows from elasticity theory:

W, =—" (2.2)

where yp = angle of twist, T = applied torque, Gy = shear modulus of the cylinder, and Jp

= polar moment of inertia of cross section of the cylinder (see Figure 2.3).

11



Figure 2.3 Angle of twist of a cylinder subjected to a torque

As shown in Figure 2.3, the angle of twist is greatest at the top of the cylinder and
becomes zero at the base due to the fixed end condition. However, for a foundation
embedded in soil, the angle of twist at the foundation base is not necessarily zero,
especially for short foundations. Furthermore, when a torque is applied at the foundation
head, frictional resistances develop 1) between the foundation and the surrounding soll
along the shaft and 2) between the foundation base and the soil beneath it (refer to
Figure 2.4). Therefore, an ultimate torsional capacity of a foundation in a homogeneous
soil with an undrained shear strength sy can be calculated as the sum of the shaft and

base resistances as follows:

D D/2 L D
Tox =T+ T, = (S””DLP)(EJ+IO (s,)(2zr)dr =s,zD? (7”+EJ (2.3)

where Tmax = ultimate torsional capacity.

12
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S,: undrained
shear strength

T,: shaft
resistance

Figure 2.4 Torsional resistances of the foundation in soll

The torque-angle of twist (T-yp) responses of the drilled shafts obtained from FEA under
a pure toque with Lp = 3, 5, and 10 m are presented in Figures 2.5(a), (b), and (c),
respectively. The torsional resistance from FEA linearly increases to its ultimate value
and then remains constant after that, showing a behavior that is very close to linear-
elastic, perfectly-plastic. Ultimate torsional capacity Tmax and the corresponding angle of
twist yp,ut from FEA were taken to be the values where a sudden change in slope was
observed from the T-yp plots. For comparison purposes, T-y, responses from Egs. (2.2)
and (2.3) are also plotted in Figure 2.5, assuming that the angle of twist linearly
increases until T reaches Tmax and remain constants thereafter. Values of Tmax and wp,uit

obtained from the FEA and elasticity theory are summarized in Table 2.2
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Table 2.2 Summary of ultimate torsional capacities under pure torsional loading

Lp/D | Tmax Yp,ult Tmax from Eq. wp.utfrom Eq. (2.2) % difference in
(kN- | (radian) (2.3) with T = Tmax in Tmax
m) (KN-m) Column [4]
(radian)
1] | [2] [3] [4] [5] [6]
3 250 | 0.0033 249 0.0009 -0.4
5 408 | 0.0041 406 0.0025 -0.5
10 805 | 0.0080 798 0.0097 -0.9

* [6] = {[4]-[2]}/[4]x100%

Figure 2.5 and Table 2.2 show that Tmax values from FEA and Eq. (2.3) are in excellent
agreements, with the largest difference being only 0.9% for Case 3 (Lp/D = 10).
However, the angle of twist yp.ur at the onset of the ultimate state show some
discrepancies. For Cases 1 and 2 (Lp/D = 3 and 5, respectively), yput values at the
foundation head from Eq. (2.2) are smaller than those from FEA. On the contrary, wp,ut
from Eq. (2.2) is greater than that from FEA for Case 3. This is because Eq. (2.2)
assumes the full fixity condition at the cylinder base (i.e., y at the cylinder base is zero)
but, in case of foundations, the foundation base is not fully fixed and the angle of twist at
the foundation head is a summation of the rotation at the foundation base and angle of
twist along the foundation shaft. As shown in Figure 2.6, the amount of angle of twist
along the foundation shaft (i.e., the difference in yp between the foundation head and
base) is smaller than the values computed from Eq. (2.2) for all three cases because of
resistances offered by the surrounding soil. However, foundation base undergoes
certain levels of rotation as well and, consequently, the angle of twist at the foundation
head depends on the amount of rotation at the foundation base, which is in turn
influenced by the foundation embedment depth ratio. Figure 2.6, in conjunction with
Figure 2.5 and Table 2.2, supports that the results from FEA well conform to the physics

of the problem.
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2.3 Analysis results under combined lateral and torsional loading
2.3.1 Numerical loading method

To determine the failure envelope under combined torsional and lateral loads, a two-
staged, displacement-controlled swipe loading method, proposed by Tan (1990), was
employed in our FEA. In the first stage, a lateral displacement w; of the drilled shaft is
prescribed and incrementally increased until the drilled shaft reaches an ultimate lateral
load Hmax. Once the ultimate lateral load and its corresponding lateral displacement wr uit
are determined, then an angle of twist y; of the drilled shaft head is gradually increased
in the second stage while keeping the lateral displacement constant at wru:. The loading
locus during the second stage can be considered as the failure envelop on the lateral-
torsional load space. The displacement-controlled swipe loading method have been
widely used to determine failure envelopes for isolated footings under various combined

loading spaces (Gourvenec and Randolph, 2003; Vulpe et al., 2014; Lee et al 2016).

2.3.2 Failure envelopes under combined lateral and torsional loading
A series of finite element analyses was performed to obtain failure envelopes of the
drilled shafts subjected to a combination of lateral and torsional loading, and they are
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Figure 2.7. Note that four different definitions of Hmax (i.e., Hmax = Hur, Ho.1p, Ho.0sp, and
Ho.o25p), as presented in Figure 2.2 and Table 2.1, were used to plot the failure
envelopes. Accordingly, a lateral displacement was gradually increased until reaching
wruit for each definition of Hmax, and then an angle of twist y; of the drilled shaft was

increased while keeping the lateral displacement constant at w,y.
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Figure 2.7 suggests that lateral loads at each failure envelope (i.e., equivalent to the
maximum lateral capacity for each ultimate capacity criteria) decreases with an
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increasing torsional load. The lateral and torsional loads shown in
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Figure 2.7 are normalized with respect to their maximum values Hmax and Tmax oObtained

under a pure lateral load and a pure torque, respectively, and the normalized failure

envelopes are presented in Figure 2.8.
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For Lp/D = 3, the normalized failure envelopes fall on top of each other regardless of
definitions of Hmax; this suggests that a single failure envelope may be used for a

foundation with an embedment depth ratio less than 3. However, as the embedment
depth ratio Lp/D increases, the normalized failure envelopes deviate from each other

and do not justify the use of single failure envelope. Nonetheless, Figure 2.8 clearly
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suggest that the lateral capacity decreases as the torsional load increases, and vice

versa, regardless of how ultimate capacity is defined.

What could be more useful for design purpose is a chart that shows how much lateral

capacity needs to be reduced for a given torque-to-lateral load ratio T/H. To achieve

this, H/Hmax versus T/H are plotted in Figure 2.9 using the torsional and lateral loads

presented in
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Figure 2.7. To illustrate how the charts in Figure 2.9 can be used for design, let us
assume that the ultimate capacity criterion for lateral loading is defined as a load
corresponding to a foundation head deflection of 10% of foundation diameter (Hmax =
Ho.1p). In the absence of a torsional loading (T/H = 0), 100% of Hmax can be used as an
ultimate lateral capacity. However, if the foundation is to be subjected to a simultaneous
loading of a torque and a lateral load with a ratio T/H of 0.5 m (say, T = 250 kN-m and H
= 500 kN), then the charts Figure 2.9 suggest that the full lateral capacity cannot be
used and should be reduced to 70~73% of Hmax. Similarly, for the ultimate capacity
criterion of Hmax = Ho.o25p, the lateral capacity needs to be reduced to 79~92% of Hmax
for T/H = 0.5 m, depending on Ly/D. The greatest reduction of lateral capacity observed
from the FEA was about 63% with a T/H of 0.58 m for Lp/D =5 (refer to Figure 2.9b).
Whether H/Hmax continues to decrease beyond the range of T/H considered in this study
is unknown at this time and warrants further investigation. Typical ranges of T/H for

various transportation infrastructures will also need to be examined in future studies.
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Figure 2.9 Lateral capacity reduction versus torque-to-lateral load ratio: (a) Lp/D = 3, (b)
Lo/D =5, and (c) Ly/D =10

2.3.3 Failure mechanisms
To observe failure mechanisms of foundations subjected to combined lateral and
torsional loads, the contour plots of maximum principal plastic strains obtained for the

drilled shaft with L,/D = 3 are presented, as a representative case, in Figure 2.10 for
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various loading levels. The plastic zone is very small at lower loading levels but
becomes greater as the lateral load increases. When an ultimate lateral load is applied,
much higher levels of plastic strains are observed near the foundation head and base
than the middle portion of the foundation (refer to the figure at Hut in Figure 2.10a).
Upon additional torsional loading, the plastic zone propagates along the foundation and
the entire shaft is subjected to high plastic strain levels (refer to the figure at Huit-Tur in
Figure 2.10a). Furthermore, the thickness of plastic zone becomes greater when the
foundation is subjected an additional torsional loading (see the figure at Hut-Tuit in
Figure 2.10Db).
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Figure 2.10 Contour plots of maximum principal plastic strains for Lp/D = 3: (a) front
view and (b) top view
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CHAPTER 3. ANALYTICAL MODELLING

3.1 Introduction
As seen in CHAPTER 2, FEA successfully captures the effect of combined loading of a
torque and a lateral on the behavior of circular foundations. However, it requires
extensive computational efforts to determine failure envelopes and is often beyond the
reach of ordinary engineers who may not be well versed in FEA. This chapter presents
our efforts to develop an easy-to-use-yet-mathematically-rigorous analysis tool through
analytical modelling of a circular foundation subjected to concurrent application of lateral

and torsional loads.

3.2 Mathematical formulation

3.2.1 Problem definition and basic assumptions
We consider a cylindrical foundation of length Ly and circular cross section of diameter
D (=2rp). The foundation, which is under a lateral load H and a torque T, is embedded in
a total of N horizontal soil layers. The foundation itself crosses m layers, while N - m
layers exist below the base of the foundation. All soil layers extend to infinity in the
radial direction, and the bottom (N) layer extends to infinity downward in the vertical
direction. As shown in Figure 3.1, z4, denotes the vertical depth from the ground
surface to the bottom of any layer i, which implies that the thickness of layer i is zn,i —

Zn,i-1 With zno = 0 and zu,N = .
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Figure 3.1 Geometry of the foundation-soil system

Since the problem is axisymmetric, we choose a system of cylindrical coordinates with
the origin coinciding with the center of the foundation cross section at the foundation
head and the z axis coinciding with the foundation axis (z is positive in the downward
direction). The soil medium within each layer is assumed to be isotropic, homogeneous,
and linear elastic, with elastic properties described by Lame’s constants Asj and Gs;,
which can be related to more recognizable Esi — vsi pair of elastic constants: Asj =
Esivsi/[(1+15)(1-2wsi)] and Gsi = Esil[2(1+vsi)]. The foundation is described as a linear
elastic material with Young’s modulus E, and shear modulus Gp. It is also assumed that
there is no slippage or separation between the foundation and the surrounding soil or

between soil layers.
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3.2.2 Soil displacements
The soil displacement fields at any point of soil medium are assumed to be a product of
separable variables, as done by many researchers (Vlasov and Leont’ev 1966;
Vallabhan and Mustafa 1996; Basu et al. 2009; Seo et al. 2009; Salgado et al. 2013), as

follows:

u.(r,0,2) =[w, (z) cos 414, (r) (3.1)
Uy (1, 0,2) = [-W, (2)sin 0 + W, (2)1¢, (r) =[-W, (2) sin 0 + 1y (2)]4,(r) (3.2)
u,(r,0,z)=0 (3.3)

where u(r, 6, z), udr, 6, z), and u(r, 6, z) = lateral, tangential, and vertical soil
displacements, respectively, at any point (r, 6, z) in the soil mass (refer to Figure 3.1);
wr(z) = lateral displacement at the foundation-soil interface as a function of depth z;
wg¢((z) = tangential displacement at the foundation-soil interface as a function of depth z;
wo(z) = angle of twist of the foundation cross section (yp = We/rp) varying with depth z;
and ¢(r) and ¢e(r) = dimensionless functions varying along the radial distance r; these
¢ functions are shape functions that describe the decreases in the soil displacements
with increasing radial distance from the foundation axis. The ¢ functions are equal to
one at the foundation-soil interface (i.e., to r = rp), and this ensures proper foundation-
soil contact. Furthermore, the ¢ functions are zero at r = «» because the soil
displacements must vanish at infinite horizontal distances from the foundation. Eq. (3.2)
clearly states that the tangential soil displacement is influenced not only by the
tangential displacement of the foundation due to the applied torque but also by the
lateral displacement of the foundation caused by the lateral load. Eq. (3.3) assumes
that the vertical displacement of the soil caused by the lateral and torsional loads is

negligible.
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3.2.3 Stress-strain-displacement relationships

The stress-strain relationship in an isotropic and elastic soil medium is expressed as

follows:

o, [A+2G, A A, 0 0 01s,
Ty A, A+26, A 0 0 0 |e,
o | | A A, A+2G, 0 0 0| s,
z,| | 0 0 0 G, 0 0]y,
7, 0 0 0 0 G, 01|y,
| | 0 0 0 0 0 G| 7]

(3.4)

where o, ovs, 07z = normal stresses; ng, 7z, 76, = Shear stresses; &r, 99, &2 = normal

strains; e, %z yo. = shear strains.

With the assumed displacement field given in Egs. (3.1) through (3.3), the strain-

displacement relationship is given by:

7/n9

| Yoz |

dg,

dr

M -

0

—W, cosd

w. ZLsin@+(w sind—r
s (W, W) i

aw, ¢, cos 6
dz

3.2.4 Potential energy

=lw ? (%_&

r

J

(3.5)

The total potential energy IT of the foundation-soil system, including both internal and

external potential energies, is given by.

31



H =U foundation + U soil Uexternal (36)

where Uroundation = Strain energy in the foundation, Usei = strain energy in the soil, and

Uexternal = WOrk done by external loads.

The strain energy stored in the foundation due to the bending and torsion is obtained as
follows:

E,l, 2 dw, GJL“dy/
U R p-p _pp p 3.7
foundation 2 _(';( dZ ] 2 _('). ( )

where |, = moment of inertia of the foundation cross section (= ar,*4 ) and J, = polar
moment of inertia of foundation cross section (= arp*/2). Similarly, the strain energy in
the soil is obtained by integrating the strain energy density of the soil (= %20pq&q Where

opq and &yq are the stress and strain tensors in the soil, respectively) over the soil

volume as follows:

I\JII—‘

50|I

sz[ (4 +26,) [ dd"j cos@j +(1S+2GS){WrC°SQ(¢9_¢r)}

Or r

—2AW 2 99, (% 4. jcos 0+G { ¢r’ sin9+(wrsin6—rpy/p)(%_¢_ﬁj}

S hdr r ar r

2
Gs(dwf ¢rcosej +Gs{(d ~sing—r, J%} ]rd@drdz
dz dz
o p 27 r 2 2 d 2
IH G, iid) +Gs(dwr cos@j +G, M Ging— ; 7o | |rdodrdz
700 r dz dz dz

For the multilayered system as shown in Figure 3.1, Eq. (3.8) can be rewritten with

o

(3.8)

properties of each soil layer:
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IHi o

Ui = i% j j[ A4 +ZGsi)w§(dd¢j)2+(,1 +2G, )W [%rﬂj

i=1

ZyiaTp

, dg (% 4 j+GSE(wn¢r j2+Gs.wr.[ ) _¢_9j L2re.y (d% _@jz

e U r r eV o g Ty
6,44, ¢ dy 49)
W,
+2G W, | 2 -2 4G +d7 )+ 2G,r 2| #? |rdrdz
Si [ dr r j m[ dZ j (¢ ¢6’) [ dZ ¢€]
740 T 2 2 2]
N i ry.. . dy .
32 |26, 22 | 126, [dwﬂj +2G,r2| —2 | |rdrdz
i=m+1 2 2414 0 r dz dZ
where wyi and wpi are the functions wi(z) and yp(z) within the it layer.
The work done by external loads is given by:
Uexternal =H Wr|Z:0 +T V/p‘z:o (310)

3.2.5 Principle of minimum potential energy
The principle of minimum potential energy states that a conservative system attains its
equilibrium formation when its total potential energy is at a minimum (i.e. setting the first
variation of the potential energy JI1 equal to zero, where dis a variational operator).
Applying oI1 = 0 to Eqg. (3.6) yields many terms that contain the first variations owr, o¢,
owp, and ogy, and we obtain the following form of the equation by collecting and

rearranging the terms:

AW, )W, +B(4,)64, +C(w,)Sy, + D(4)¢, =0 (3.11)
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Because the functions wr, &, yp, and ¢gein Eq. (3.11) are not known a priori, their
variations are not zero according to the variational principle. Furthermore, since these
functions are independent one another, Eq. (3.11) is satisfied if and only if their
coefficients A(wr), B(#), C(wp), and D(¢e) are all zero. The equilibrium configuration of
the foundation-soil system is obtained when these expressions [A(wr) =0, B(#) =0
C(wp) = 0, and D(¢¢) = O] are solved, which represent the governing differential

equations of the functions wi(z), &(r), wp(z), and ge(r).

3.2.6 Governing differential equation for lateral displacement function wy
The governing differential equation for the lateral displacement function w;i(z) in any
layer i is obtained by equating the coefficients of dw; to zero. Two sub-domains are
considered for the function wii(z): within the foundation length (0 < z < L) and beneath

the foundation (Lp < z < «).

For the domain within the foundation length (0 < z < L), the governing differential

equation for the function wi(z) is given as

£y OV o BWa g (3.12)

pp dZ ri d 2 i ri

and, the differential equation for the domain beneath the foundation (Lp < z < =) is given
as

2
—mﬁ%W“+kw -0 (3.13)
YA

riri

where

”Gs'j (42 +g2)rdr; i=12,--
=1 (3.14)
”(235‘ {j(¢r2+¢92)rdr+rj}; i=m+1,---,N
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r I

k.= ﬂ[(ﬁs, + 26@7(%) rdr + G, T(%) rdr + ZﬁsiT(ﬂ ~4,) ddqir dr

" P

(3.15)
12G, j(qﬁ ¢9)d¢9dr+ 2y +3G,) j

¢

—1|I—‘

(¢, ¢9 ]; 1=12,--\N

p

Note that the index i for the domain within the foundation length (0 < z < L) ranges from
1 to m and, for the domain beneath the foundation base it ranges from m+1 to N (see
Figure 3.1). Because Eq. (3.12) is 4™ order differential equation and there are m layers
within the foundation, a total of 4m boundary conditions are needed to solve Eq. (3.12).
First, four boundary conditions are obtained at the foundation head and base as follows:

dw,(0) . dw,(0) _
Byl — o 2 =H (3.16)

(shear force at foundation head = applied lateral load)

d’w, (0
E,l, ;( ) =0 (bending moment at foundation head = 0) (3.17)
W (L) dw,, (L,) (L,)
rm\=p m\=p/ r(m+1)
ST T 2t,(m+1) dz (3.18)
(continuity of shear force at foundation base)
d'w,,(L,) . .
E,l,———=0 (bending moment at foundation base = 0) (3.19)
dz

The remaining boundary conditions are then obtained from the continuity of variables at
the interfaces within the foundation. These conditions yield 4m — 4 equations as follows

because we have m-1 interfaces (i =1, 2, ..., m-1):

35



W, (2;) =W, .5 (2,4;) (continuity of foundation displacement) (3.20)

dWri(ZH,i) _ dWr(i+1)(ZH,i)

& & (continuity of slope of foundation displacement) (3.21)
dZWri(ZH ) dZWr(iJrl)(ZH,i) . . .
EplpT = EplpT (continuity of foundation bending (3.22)
moment)
E |l dswri(ZH,i)_Zt_ dw,;(z, ;) _E | dSWr(iJrl)(ZH,i)_Zt _ W, . (2,45)
PP g " dz PP de® " dz (3.23)

(continuity of shear force in foundation)

Similarly, Eq. (3.13) is 2" order differential equation and there are N — m layers beneath
the foundation base; therefore, a total of 2(N — m) boundary conditions are needed to
solve Eq. (3.13). Two boundary conditions are obtained at the foundation base and

infinite depth as follows:

W, (L,) =W, (L,) (displacement continuity at foundation base) (3.24)

W, () =0 (zero displacement at infinite depth) (3.25)

The remaining 2(N — m) — 2 boundary conditions are obtained from the continuity of

variables at the interfaces between the two neighboring soil layers beneath the

foundation base (i = m+1, ..., N-1) as follows:
W, (2 ;) = W5 (2) (continuity of soil displacement) (3.26)
dW' Ly dWr i+ z i
2t, % =2t % (continuity of shear force in soil) (3.27)
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3.2.7 Governing differential equation for angle of twist function yp
The governing differential equation for the angle of twist function y4i(z) in any layer i is
obtained by equating the coefficients of oypi to zero. Two sub-domains exist for the

function wpi(2): within the foundation length (0 < z < Lp) and beneath the foundation (Lp <

Z < «),

For the domain within the foundation length (0 < z < L;), the governing differential

equation for the function y;i(z) is given as

2

dow .
(6,9, +2t9i)$+kgil//pi ~0 (3.28)

and, the differential equation for the domain beneath the foundation (Lp < z < =) is given
as

-2t - 2Ky, =0 (3.29)
where

p ~si

7r’G jqﬁgzrdr; i=12,-,m

p

t, = - (3.30)
nriG, r—”Jrjqﬁzrdr ci=m+1--,N
p s 2 : 0
© d 2
Zﬂr;GsiI(diig_qﬁ_fj rdr; i=12,---,m
k, = " " ) (3.31)
20176, [ln(rp)lim{gTo(g)}j(dL’f%J rdr]; i—malo N
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Note that in Eq. (3.31) kg beneath the foundation base is not defined at r = 0 because
In(0) is undefined. To avoid such a numerical issue, the lower limit of integration was
changed from r = 0 to r = ¢ where ¢is taken as a sufficiently small positive number (&=
0.001 m is used in this study).

Because Eq. (3.28) is 2" order differential equation and there are m layers within the
foundation, a total of 2m boundary conditions are needed to solve Eq. (3.28). First, two

boundary conditions are obtained at the foundation head and base as follows:

dy (0
—(G,J, +2t,) V/(;’;( ) =T (torque at foundation head = applied torque) (3.32)
dy (L) dy (m+1)(L )
—(G,J, +2t,, ) — . P =2ty — 4z : (3.33)

(continuity of torque at foundation base)
The remaining 2m — 2 boundary conditions are then obtained from the continuity
requirements at the interfaces within the foundation (i =1, 2, ..., m-1) as follows:

W i(Z41) =V 6.0 (2y;) (continuity of angle of twist of foundation) (3.34)

dei (ZH,i)
dz
(continuity of torque in foundation)

dl//p(i+l)(ZH,i)

—(G,J, +2t;) o (3.35)

= (Gp‘]p + 2t€(i+l))

Similarly, a total of 2(N — m) boundary conditions are needed to solve Eqg. (3.29). Two

boundary conditions are obtained at the foundation base and infinite depth as follows:

o (L) =¥,y (L,) (continuity of angle of twist at foundation base) (3.36)
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() =0 (zero angle of twist at infinite depth) (3.37)

The remaining 2(N — m) — 2 boundary conditions are obtained from the continuity

requirements at the interfaces between the two neighboring soil layers beneath the

foundation base (i=m+1, ..., N-1) as follows:
Wi (Z4i) =W, (24,) (continuity of angle of twist of soil column) (3.38)
dw i (245) 3 AW iy (1)

=2t BT —2 . T’ (continuity of torque in soil column) (3.39)

3.2.8 Governing differential equation for lateral displacement decay function ¢ in soll
The governing differential equation for the lateral displacement decay function ¢(r) in

the soil is obtained by equating the coefficients of 54 to zero and given as

2 2 2
d’¢ 1dg | (7w | .| 72 Vst Ves U4,
r = L ) A A I A P — | £r1st 4 LTSS PO 4
dr® r dr r r, 4 r Z rodr (3.40)
where
D (A4 +3Gy) j w,°dz
i=1 Iy ia
yrsl = N Zk;,i (341)
D (44 +2Gy) .[ w,2dz
N Iy 2
> G, _f (dw”jdz
i=1 2y ia dz
7/r52 = rp Y 4 (342)
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Viss = N (3.43)
> (4+2G,) | w,ldz

Boundary conditions for Eq. (3.40) are ¢(rp) = 1 and ¢(«) = 0.

3.2.9 Governing differential equation for lateral displacement decay function ¢y in soil
The governing differential equation for the tangential displacement decay function ¢«(r)

in the soil is obtained by equating the coefficients of 5¢gs to zero and given as

2 2 2
d2¢9 1dg, Y os1 Y os2 Y os3 7/924d¢
S A A [ - Y - ST — | L0655 r__s_r 3.44
dr? rodr r r, Z r 4 rodr (3.44)
where
N Iy i N Zy i
D (44 +3Gy) I w,2dz+ )" 271G j y 2z
i=1 ZH i1 i=1 ZH i1
7/951 = N 2y Y N 2y ' (345)
G, I w,2dz+ ) 271 Gy I y o dz
i=1 Zyia i=1 Iy i1

i=1

dw,, 2dZ+ZN:27zr ’G Z]‘i % 2dZ
dz P SiZH dz

2o

(3.46)

7/6’52 = r-p Iy

Wri’zdzjtzN:anpG&i J' ydz
i=1

Iy i1

N Zy

2]

24 i1
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Iy i

i(/lsi +3G) _[ w,;’dz

7/953 = N z:l N & 2y (347)
;Gsi j w,.*dz +Zl:2m’sti I w5z

2y

i(ﬁ“si +Gsi) j Wri2dZ
i=1

Yo = |~ T (3.48)
G, _[ w,2dz+ )" 27r1,G I y oz
i=1 2y =1 Zy 1

Boundary conditions for Eq. (3.44) are ¢«(rp) = 1 and ¢s(~) = 0. Note that Eqgs. (3.40)
and (3.44) contain both & and ¢y, suggesting that these functions are interdependent. A
total of six differential equations represent the entire foundation-soil system under

combined lateral and torsional loads, and they are summarized in Figure 3.2.
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Figure 3.2 Differential equations in each sub-domain

3.2.10 lterative solution scheme

Lateral displacement w; and angle of twist y; of the foundation and the soil column
beneath the foundation are obtained by solving Egs. (3.12), (3.13), (3.28), and (3.29)

numerically using the finite difference method. To solve them, the soil resistance

parameters ty, ki, ta and kg must be known, and these t and k parameters are functions

of & and ¢», as seen in Egs. (3.14), (3.15), (3.30). However, to obtain ¢ and ¢» by

solving Egs. (3.40) and (3.44), the parameters »s and yss must be known a priori, but
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they in turn depend on w; and yp [refer to Egs. (3.40) through (3.48)]. Due to the
interdependence of the soil and foundation differential equations, an iterative solution

scheme is required in our analytical model.

The iterative solution scheme employed in this study begin by assuming initial values of
#s parameters (#s1°9, #s2°9 and %s3°9) and yss parameters (yes1°'9, 765209, 5309

and ys4°9). Furthermore, due to interdependence of ¢ and ¢, we assume initial values
of ¢o that satisfies the boundary conditions [i.e., g«rp) = 1 and ¢g¢() = 0]. With the
assumed ys parameters and ¢, the function ¢ is obtained by solving Eq. (3.40). Then,
using the obtained # and assumed yss parameters, new values of function ¢ is
calculated by solving Eq. (3.44). Because we now have solution to ¢ and ¢y, the soll
resistance parameters t, ki, ta and kg are then calculated via numerical integration.
With the soil resistance parameters ti, kii, ta and ka known, wr and y, are obtained by
solving Egs. (3.12), (3.13), (3.28), and (3.29). Then, new values of xs parameters
(#s1™W, ns2 "W and sz "™W) and yes parameters (yes1 "V, yos2 "V, yos3 "W and yesa "€V) are
calculated using the computed values of wr and yp and compared against the assumed
initial values. If the differences are greater than the prescribed tolerance (a value of 10-°
was used in this study), iterations are continued with the calculated values of s and ys
parameters taken as the new guess (#s%9 = #s"W and 759 = y"e%) until the differences
between old and new y parameters from two successive iterations fall below the
prescribed tolerance for all y parameters. The iterative solution scheme is provided in

the form of a flow chart in Figure 3.3.
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Figure 3.3 Flow chart for iterative solution scheme
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3.3 Results and validations
Due to the absence of any previous analytical studies for a foundation under
simultaneous loading of a lateral load and a torque, the validations are done for pure

torsion and pure lateral load cases.

3.3.1 Lateral analysis
Basu et al. (2009) developed semi-analytical solutions for laterally loaded foundations in
multilayered elastic soil using the variational principles and method of initial parameters.
Our analysis model are derived from the same variational principles but with the
displacement field resulted from both lateral deflection wy and angle of twist yp.
Consequently, as seen in Egs. (3.45) through (3.48), the y factors associated with ¢e
become functions of both wr and yp. However, with the absence of the angle of twist y,
the differential equations for wr, ¢, and ¢e obtained from our study are simplified to the
same differential equations derived in Basu et al.’s study. Therefore, when zero torque
is applied in our analysis, the results from our study are expected to be the same as
those from Basu et al.’s study. To verify this, we compare results from our analysis
under zero torque against those from Basu et al.’s study for two example cases

reported in their paper.

The first example considers a drilled shaft, 0.6 m in diameter and 15 m long, with
Young’s modulus Ep = 24 GPa, embedded in a four-layered soil profile. Properties of the
four soil layers are as follows: Es1 = 20 MPa, 1s1 = 0.35, and zn,1 = 2 m for Layer 1; Es2 =
35 MPa, vs2 =0.25, and zn,2 = 5 m for Layer 2; Ess = 50 MPa, 3 = 0.20, and zx,3 = 8.3
m for Layer 3; and Esa = 80 MPa and vs4 = 0.15 for Layer 4 (Layer 4 extends from the
bottom of the third layer to great depth). The applied lateral load H at the foundation
head is 300 kN with zero torque (i.e., T = 0).

The second example considers a drilled shaft, 1.7 m in diameter and 40 m long, with
Young’s modulus E, = 25 GPa, embedded in a four-layered soil profile. The top three
layers are located over 0-1.5 m, 1.5-5 m, and 5-13.5 m below the ground surface. The

fourth layer extends from the bottom of the third layer to great depth. The elastic
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constants of the four layers are as follows: Es1 = 20 MPa and w1 = 0.35 for Layer 1, Es2
= 25 MPa and vs2 = 0.30 for Layer 2, Ess = 40 MPa and vs3 = 0.25 for Layer 3, and Es4 =
80 MPa and vs4 = 0.20 for Layer 4. A lateral load of H = 3000 kN is applied at the

foundation head with zero torque.

Profiles of lateral displacement along the shaft obtained from our analysis and the study
by Basu et al. (2009) for the two examples are presented in Figure 3.4. As expected,

they show excellent agreements for both examples. For the first example with D = 0.6 m
and L, = 15 m, we performed finite element analysis using ABAQUS for comparison

purpose. Although our analysis yields slightly stiffer response than FEA (perhaps due to
the assumption of zero vertical soil displacement made in our analysis), it is much more
efficient than FEA, in addition to being faster, in terms of pre- and post-processing of the

data due to its analytical nature.
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Figure 3.4 Comparison with previous studies for a foundation subjected to a pure
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3.3.2 Torsional analysis
Misra et al. (2014) developed closed-form solutions of the angle of twist and torque for a
foundation in multilayered elastic soil subjected to a pure torque using the method of
initial parameters. We compare results from our analysis against those from Misra et

al.’s solution for two example cases they reported.

The first example considers a drilled shaft, 1.5 m in diameter and 10 m long (Lp/D =
6.7), with shear modulus G, = 9.6 GPa (equivalent to Ep = 25 GPa and 1, = 0.3),
embedded in a two-layered soil profile. The first layer extends from ground surface to a
depth of 5 m with the elastic constants Es1 = 25 MPa and 1s1 = 0.40, and the second
layer extends to great depth with Es2 = 100 MPa and 1s2 = 0.20. The applied torque T at

the foundation head is 100 kN-m with zero lateral load (i.e., H = 0).

The second example considers a drilled shaft, 1.0 m in diameter and 30 m long (Lp/D =
30), embedded in a four-layered soil profile. The top three layers are located over 0-5
m, 5-10 m, and 10-20 m below the ground surface. The fourth layer extends from the
bottom of the third layer to great depth. The elastic constants of the four layers are as
follows: Es1 = 25 MPa and 1 = 0.45 for Layer 1, Es2 = 50 MPa and vs2 = 0.35 for Layer
2, Es3 = 75 MPa and vs3 = 0.30 for Layer 3, and Ess = 100 MPa and w4 = 0.25 for Layer
4. The shear modulus Gy is 9.6 GPa, and torque T = 100 kN-m is applied at the
foundation head with zero lateral load.

The angles of twist yp versus depth z obtained from our analysis and the study by Misra
et al. (2014) for the two examples are presented in Figure 3.5, and they show excellent
agreement (note that yp, beneath the foundation base was not reported in Misra et al.’s
study and hence not presented in Figure 3.5). Both examples suggest that the angle of
twist decreases with increasing depth because more soils resist to the applied torque as
the depth increases. Due to its high embedment depth ratio of Lp/D = 30 for the
foundation in the four-layered soil deposit, an angle of twist becomes zero at the
foundation base (see Figure 3.5b). However, the foundation with Lp/D = 6.7 in the two-

layered deposit show more rigid behavior than the foundation with Lp/D = 30, leading to
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a non-zero value of angle of twist at the foundation base; but y; quickly diminishes

through the soil beneath the foundation base (see Figure 3.5a).
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Figure 3.5 Comparison with previous studies for a foundation subjected to a pure
torsion: (a) two-layered deposit and (b) four-layered deposit

50



3.4 Future studies
The new analysis model developed in this chapter is valid for linear elastic soils only.
Furthermore, the short duration of the project prohibited a full implementation of solution
algorithm under the combined loading. However, given that our analysis model shows
very good agreement with previous studies and FEA under individual loading
components, the solution algorithm developed in this study can be fully implemented
and thorough benchmark runs can be performed as future studies. Furthermore, this
study can be regarded as the groundwork for more advanced analyses such as
nonlinear analysis that considers degradation of soil modulus using a piecewise-linear
approach. Also, because the new analysis model is applicable for a multilayered soil, a
systematic parametric study can be performed to investigate the soil layering effect and

optimize foundation design.
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CHAPTER 4. SUMMARY AND CONCLUSIONS

In this study, we performed a nonlinear finite element analysis (FEA) for a circular
foundation in a homogeneous clay under combined loading of a lateral load and a
torque using Tresca model. Failure envelopes in a lateral-torsional loading plane were
obtained from FEA, and the effect of a torsional load on the lateral capacity of a circular
foundation was quantified as a function of torque-to-lateral load ratio. We further
developed a novel, linear-elastic analysis model for a circular foundation, embedded in
a multilayered soil, under concurrent application of lateral and torsion loads using

energy principles and variational calculus.

To determine collapse loads, the displacement-controlled swipe loading path method
was employed in FEA. As a validation of the finite element model, the results from FEA
under each individual component of load were compared against previous studies and
theoretical values, which showed an excellent agreement. Analysis results under
combined loading were presented in the form of failure envelopes with various
embedment depth ratios (Ly/D) using four definitions of ultimate lateral capacity. For
foundations with embedment depth ratios less than 3, the normalized failure envelopes
fell on top of each other regardless of how lateral ultimate capacity was defined,
suggesting that a single failure envelope can be used for short foundations. However,
as the embedment depth ratio increased, the normalized failure envelopes deviated

from each other and the use of single failure envelope was not justified for Ly/D = 10.

Results from FEA clearly showed that lateral capacity was reduced by the concurrent
application of torsion. Such reduction effects were quantified as a function of torque-to-
lateral load ratio and presented in the form of design charts. Analysis results further
indicated that the lateral capacity could be reduced to 63% of maximum value under a
torque-to-lateral load ratio of about 0.58 m for the soil condition and the range of torque-
to-lateral load ratio (T/H) considered in this study. Whether the lateral capacity will
continue to decrease beyond the range of T/H considered in this study is unknown at
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this time and warrants further investigation. Typical ranges of T/H for various

transportation infrastructures will need to be examined in future studies as well.

We also derived governing differential equations for a circular foundation, embedded in
a layered soil, subjected to a combination of torsional and lateral loads based on energy
principles and variational calculus. For the foundation-soil system under concurrent
application of lateral and torsional loads, a total of six interdependent differential
equations were obtained. We further developed a numerical algorithm to solve the
interdependent differential equations using an iterative scheme and tested the algorithm
under individual loading components. The results from our analysis model under
individual loading components showed very good agreements with those from previous
studies and FEA.

The solution algorithm developed in this study can be fully implemented for combined
loading case and thorough benchmark runs can be performed as future studies.
Furthermore, the analysis model developed in this study can be regarded as the
groundwork for more advanced models such as nonlinear analysis model that considers
degradation of soil modulus using a piecewise-linear approach. Also, because the new
analysis model is applicable for a multilayered soil, a systematic parametric study can

be performed to investigate the soil layering effect and optimize foundation design.
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